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France We perform the so-called rigid lid limit on different

c shallow water models such as the abcd Bousssinesq
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1 | INTRODUCTION

We consider shallow water asymptotic models of the water wave equations that can be written
under the general form

€9, U+ L, U +¢eQ,(U) =0.

Heret € RT,x € RorR?, U = (¢, V) € R? or R3, 1 + ¢¢ is the nondimensionalized water depth,
V is the nondimensionalized horizontal velocity of the fluid, £, is a linear operator that tends
to the wave operator as u — 0 and Q,, a nonlinear operator. The nondimensionalized parame-
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ter 4 measures the shallowness of the flow. The nondimensionalized parameter € compares the
amplitude of the water waves to the water depth and can also be seen as a comparison between
the typical horizontal velocity of the fluid and the typical velocity of the water waves. Note that
the nondimensionalized parameter ¢ appears in front of J, since the characteristic time used to
nondimensionalize the time variable is the typical timescale of the fluid (and not the one of water
waves). We assume in the following that € and u both belong to (0,1].

The goal of this paper is to perform the limit € — 0 and understand how the parameter u inter-
feres with this convergence. In our framework, the velocity component V tends to a solution of the
incompressible Euler equations whereas the free surface ¢ tends to 0 thus the terminology rigid
lid limit. Actually, the rigid lid approximation is a common assumption in the oceanographical lit-
erature and can be interpreted as a low Froude number assumption (ocean currents travel slower
than water waves). We refer for instance to Refs. 1-3 where existence and stability of nearshore
shear waves that are not gravity waves were discussed, and such an assumption is used. In the
same direction, Camassa et al.*> derive from the free surface Euler equations two asymptotic
models called nowadays the lake equations and the great lake equations where again a rigid lid
approximation is considered. In our setting, the lake equations are obtained by neglecting terms
of order @(u) and then performing the limit € — 0, whereas the great lake equations are derived
by neglecting terms of order @(u?) and then performing the limit ¢ — 0. A full justification of
the lake equations was obtained in Ref. 6 (see also Ref. 7). We emphasize that all the previously
cited works consider a nonflat bathymetry. That is not the case in this paper where the seabed is
assumed to be flat. Finally, we also refer to Ref. 8, where a first study of the rigid lid limit on the
full irrotational water wave equations was performed. The proof is, however, based on weighted
dispersive estimates that are not well suited for the local well-posedness on large time, and the
rates of convergence obtained are not optimal. Using the strategy provided in this paper, one can
improve® by obtaining rates of convergence as those established, for instance, in Section 5 for the
irrotational Green—Naghdi equations.

We carefully study if the convergence is strong, meaning in L*(0, T; L*(R")) for some T > 0
independent of ¢. If not, we provide the default of strong convergence, meaning a corrector U,
such that U — U, strongly converges. We also get convergence in LI(0, T; L*(R")) for some g > 2
(weak convergence) and in L2(0,T;leoc(R”)) (convergence of the local energy).” All our con-
vergence results are given with rates of convergence in terms of € that crucially depend on the
shallowness parameter ¢ and the function space we consider. Our strategy is the following. We
assume bounds on appropriate HS-norms of U that are uniform with respect to € on an exis-
tence time,’ that is independent of €. Using Duhamel’s formulation, one can then use Strichartz
estimates to get L?L)’C bounds and Morawetz-type estimates to obtain LtlezoC controls.

Our problem shares some similarities with the incompressible limit (low Mach number limit)
of the compressible Euler equations defined in R":

-1
eatc+eV-Vc+yT(1+ec)V-V=0,

-1
e, V+e(V-V)V+ VT(I +ec)Ve =0.

* (Note that this kind of convergence was also obtained for the rigid lid limit of the shallow water equations over a nonflat
bottom in Ref. 6 (without any rate of convergence); see Theorem 2.5 and Subsection 4.2.2 inside.)

T (Such bounds and existence time can be obtained from energy estimates when one prove the local well-posedness; see,
for instance, Subsections 2.1 or 3.1 below.)
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In that case, 1 + ec is the rescaled speed of the sound, V is the velocity of the fluid, y > 1 is the
adiabatic exponent, and ¢ is the Mach number. The limit € — 0 was studied by several authors
and we refer, for instance, to Refs. 9-14. It is now well understood that the acoustic component
of (¢, V) is of dispersive type and weakly converges to 0 since its propagation speed is of size L
and, when the initial datum only contains incompressible terms, the convergence is strong. Suclel
a phenomenon also appears for the rigid lid limit.

Finally, we mention several works">~'® where dispersive estimates similar to ours are used to
study the long-time existence problem on Boussinesq and Boussinesq-type systems.

We organize the paper as follows. Sections 2 and 3 are devoted to the study of the rigid
lid limit on the classical Boussinesq system (also called the Amick-Schonbek system in the
literature), respectively, in one and two dimensions. We explain in detail our strategy. In Sec-
tion 4, we consider other Boussinesq systems. Finally, in Section 5, we perform the rigid lid limit
on the Green-Naghdi equations. Appendix A recalls some basic facts about Littlewood-Paley
decomposition, and Appendix B gathers different useful Fourier multiplier estimates. Finally, we
provide, in Appendix C, general dispersive estimates on linear dispersive equations with radial
nonhomogeneous phases.

Notations

If f is a Schwartz class function defined on R", we define 7 f or f as the Fourier transform of
f by

fO=— [ e

» If mis asmooth function that is at most polynomial at infinity, we define the Fourier multiplier
m(D) as, for any Schwartz class function f,

m(D)f = F~ (&) f ().

Note that the Laplace operator verifies A = —|D|?.

 If f is a function defined on R", we denote by || f||;» the LP(R"™) norm of f.

* If p € [1, 0], we denote p’ = 1%'

* IfT >0andG : (t,x) € [0,T] X R" - G(¢t,x) € R, the norm ||G||L?L; corresponds to the norm
of the space L1((0, T); L"(R")).

* If S : E > F is a linear bounded operator with E, F two Banach spaces, we denote by S* its
adjoint.

2 | THE CLASSICAL 1D BOUSSINESQ SYSTEM

In the one-dimensional case, the classical Boussinesq system reads as

€6;{ +0,([1+€]V) =0,

@
€<1 - gai)atv +0,.C +eVaV =0,
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Denoting by U = (¢, V)T € R?, we get the following system:

€d, U + A(0,)U = eF(U) ()
where
0 0, 9:(SV)
A= (1- %ai)_l 3, 0 A== % (1- %ai)_l a.9|
Note that

D
cos| t
\ /1+ D2 145 D2 1+§D2

We state the main result of this section.

exp(tA(d,)) = [ ’ . (3)

Theorem 1. Let M >0, T >0, € € (0,1] and u € (0,1]. Let (¢, V) € C([0,T]; (H? x H*)(R)) a
solution of (1) with initial datum (¢, V) such that

1 Voo 0,753 R)xE3@®R)) < M.

There exists a constant C > 0 independent of M, T, € and u such that forany q,r > 2 with S zl =
q r

Bl

< 1 1 1
and any 4,7 > 2with - + = = -
q 37 6

t
CY _ o460 (o <
v Volll o,
LIOT;LL(R))

1 1
t ] 5
(é) —e A (IS;O) < <3> "M2TsC,
o/ Medormey \H

Blw

C,

®la

1 1
_+_
4 q
) M?32T

1 1

- 5 A
< <5>q M+M2T€(5> c,
dorzey P K

(i)

Remark 1. Several remarks are in order. We first note that (¢,V) weakly converges to O as
¢ — 0. However (¢, V) does not strongly converge to 0, meaning in L®(0, T; L*(R)), except if
(¢, Vo) = (0,0). The first two estimates provide the default of strong convergence. The first three

1
<ex(M+ M?T)C.
L2(0,T;L2(R))

sup
Xp€ER
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estimates are not uniform with respect to u — 0. The fourth estimate provides the convergence to
0in Lf(O, T;H ISOC([R)) for any s € [0, 3) and is uniform with respect to 4 — 0. That corresponds to
the decay to O of the local energy.

Remark 2. Note that if € ~ y as in Refs. 19, 20 or when u = O(e), the first two estimates do not
provide a convergence result as € — 0. It is known in that case that nonlinear terms must be taken
into account and that asymptotic models like a system of decoupling KdV equations or a system
of decoupling BBM equations become relevant.

A proof of such a result can be adapted from Ref. 20 or Ref. [21, Section 7.1].

2.1 | Local existence

In this section, we provide a local well-posedness result of (1) on an existence time independent
of €, u € (0,1]. We introduce the functional space

X3(R) :={(¢,V) € (H* x H)(R), IVl 2= ISl + 1V lls + VRIBV Il < oo}
Proposition1. Lethy > 0,A > 0,e € (0,1] and u € (0,1]. Let (¢, V) € Xi(IR) with1 + ¢y > hy

and ||($o, V0)||XZ < A. Thereexistsa timeT > 0that only depends on A and h, and a unique solution

¢, V) e (o, T];XZ(IR)) of (1) with initial datum (¢, V). Furthermore, there exists a constant M >
0 depending only on A and hy such that

1Vl o 12y < M-

The proof is similar to the proofs of Ref. [22, Proposition 2.15] or Ref. [23, Theorem 1]. The key
point is that System (1) under the assumption that (1 + ) > h—z" has a symmetrizer

1 0
S(U) = (0 (1+¢€) - gax((l + €§)ax')>

and corresponding energies
EXU) = (S(UHdk, a,’gU)2

that allow to control the XZ([R)-norm.

2.2 | Dispersive estimates

The phaseg :=r — is smooth, and

1+
3

2 3 5
g >0,g"<0onR},g(r)—-1 ~ —r—,g”(r) ~ =18 (r) ~ 32r3,g"'"r) ~ 3:r . (4)
r~0 2 r~0 r~+00 r~+00
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Thanks to Appendix C, one can prove several dispersive estimates. In the following, y is a smooth
compactly supported function that is equal to 1 near O.

First, using Lemma C1,* there exists a constant C > 0 such that for any Schwartz class function
f,anyt #0,any u € (0,1] and any € € (0, 1]
Ll O
e

e VI (/EIDDsen(D)IDI: £ s%(—) |x(v/riD

|]
Ly

t
€

Vo (4 DS S£<|t|> 12 = 2(y/RIDD)X/HIDIP f -
U2

Then corresponding Strichartz estimates can be obtained: for any (g, r) € {(4, ), (o0, 2)} and any
functions f and G are smooth enough

t a
+1L x

1
L 37 e
e V! 3D25xf 5(%) |||D|4+2r)((\//7|D|)f||L2

- x(\/ﬁIDI))(\/ﬁIDI)2<5_7)5xf

12
(t—s) dx 1 1

. ;a=2)
. 2
/e VISP 5 G(s)ds 5(%) Tk 2rx(\/_|D|)G“ :
0

drr
Ll

x

1

(
+< ) ”(l—x(\/_ IDVEIDD 8,6

LL1

©)

One can prove such bounds by applying a T*T argument® on the following operators that are both
defined from L] (R, L” (R)) to L*(R)

s 5x

TLF(F)=/ Vi )((\/_|D|)
R

THF(F)Z/Re

—F(s)ds,
|D| 4 2

\/— x(x/_l s,
<\/‘|D|)

_s
F2
€

fwithf=1,s = %,oc:—4,l:2.

§in the spirit of Ref. [24, Lemma 2.1].
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In a similar way, one can also get from Lemma C17 together with Lemma B that for any functions
f and F are smooth enough

L 1

e JiiEp2 C € \3 3

e R < T(m) (1 + uD?)s flip
o M3
L

and corresponding Strichartz estimates can be obtained from a T*T argument: for any (g,7) €

{(6, ), (o0, 2)}

L (-1
+ 3\2 7 5(1_1
e \/”%sz < (%) (1+’L{D2)6<2 r)f (6)
Lk L2
(t—s) Ox l( _1
t * . 3 5 1
/ e V522 Bs)ds < <i) (1+,uD2)6( r>F . (7
0 . K L3LL
ttx

2.3 | Proofof Theorem 1

From Duhamel’s principle on (2)

¢ “tagy (G Tt ¢
(v) (t)—e ¢ <VZ> = /0 exp(TA(ax))F<<V> (T)>d‘[.

Then from (3) and since F is a derivative we can use (5) so that for any (g, r) € {(4, ), (c0,2)}

/ e =t aer( (6 @ )de
0 p € x %4

e\ a
S|— (Arr + Agr)

Corz®y P
where
1 1
11 St~
S |D|2 2r
Ay =H|D|z s« o+ |22
LPOTLY) | 4/1+£|D? 4
3 L} (0,TiLY)
1 1 1 1
ID|2" % ID|2" %
+|[——=0¢W) ——(?)
1+E|D|2 4 1+—|D|2 % 1
’ LF (OTLY) ’ L7 OT:Ly)

Iwithf=1,s =0,a = —4,1 = 3.
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and

(\/;7|D|)2<1‘7>a .

4 + || ———3,(V?)

X
4 K
L3 (0.T;LY) \/HEW L:% (0,T5L})
) 1
(D) (yrDp )

N 5.¢V) + || ——0,(1?)

n KFipz  * '
/14 £ 4 1+ 21D 4
3 L} (0,T;LY) L2 (0T;LY)

Lemmas Bl and B4 provide

Apr =H(\/B|D|>2(1‘?>ax<m

3
2 3
App+ App SN VIl s + NIV s STiM2
L (©01) X L}om

We then get the first bound when (g, r) € {(4, ), (0,2)} and the other cases follow from Holder’s
inequality. The second bound follows the same way using instead (6) and (7). Note that since the
initial datum is not necessarily a derivative one cannot use the homogeneous version of (5), hence
a weaker rate of convergence in that case. Finally, the third bound follows from Morawetz-type
estimates established in Proposition 4.

3 | THE CLASSICAL 2D BOUSSINESQ SYSTEM

The two-dimensional classical Boussinesq system reads as

€6;{+V-([1+€]V)=0,

®)
e<1 . gvv-)atv +VE+e(V-VIV =0,

Taking the divergence of the second equation and denoting by U := (¢, V - V)T € R?, we get the
following system:

€6;U + A(D)U = eF(¢,V),
where

0 1 V-¢V)
— -1 = - -1
AD) (1 - §A> A o MIFEV) (1 - %A) V.(vV-vW|

Note that

u
D \/1+ZID]2 | D
COoS l’L Y 3 sin IL
ID| VI+5IDP

D] ; D] 1D
- sin| ¢ cos | ¢
V1+5ID1? V1+5IDI V1+51D12

exp(tA(D)) =
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As in the one-dimensional (1D) case, we expect ({, V - V) to weakly converge to 0. We, however,
have no control over the rotational component of V. Applying the operator V- to the second
equation and denoting by w := V* - V we get the following equation:

diw+(V-Vo+(V-V)w=0.
Since V is a vector field on R? it has a Hodge-Weyl decomposition

1L
vavY.vivi¥.

V.
A A

Therefore we expect w to converge to & as € — 0, where
L
9,6 + <Viv—ca . V)ca =0.
A
The previous equation is the vorticity formulation of the incompressible Euler equation
OV+(V-V)VW+VP=0,V-V=0 9)

with @ = V4 - V. One can now state the main results of this section.

Theorem 2. Let M >0, T >0, € €(0,1] and u € (0,1]. Let (¢, V) € C([0,T]; (H® x H®)(R?))
be a solution of (8) with initial datum (¢,,V,) and V € C([0,T]; L>(R?)) be a solution of the

1
incompressible Euler equation (9) with initial datum V+ VX -V, such that
1 Wl o.rsoxaeymey) + 1V Il o r22m2)) < M.
There exists a constant C > 0 independent of M, T, €, and u such that forany q,r > 2 with I4ls
q r

1
2

VR
=
. ux
<
~_
|
o o
> S |2 ©

L fexp <—£A(D)> <VS_VOVO> < (ﬁln(1+5—2T)>z MeTie

L] (0,151 (R2))

()

2
€ )2 ! o ¢ 2
<| —In(1+=T M+M| —In(1+=T)T C
fZ € N €
LI(0.TiLL(R2))

€
+— (M + M2T)C,
VR
vt ~ € u : € U :
‘Vi—v-v < —1n(1+—T) M+ M2 —1n(1+—T)T MA/TecMTC
A rporiE)  \ VK € Vi €

€
+—(M + M>T)MTeMTC.
VH
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Remark 3. (¢, %V - V) weakly converges to 0 as € — 0, whereas %VL - 'V strongly converges to
a solution of the incompressible Euler equation. Therefore, V strongly converges to a solution of
the incompressible Euler equation if and only if (£, V - V;;) = (0, 0). The default of strong conver-
gence is exhibited through the first bound of the theorem. Finally, unlike the 1D case, ife ~ u as
in Refs. 19 and 20, the theorem provides a convergence result as € — 0.

The previous theorem does not provide uniform bounds with respect to 4 — 0. It is the purpose
of the following theorem.

Theorem 3. Let M >0, T >0, € € (0,1], and u € (0,1]. Let (¢, V) € C([0,T]; (H® x H®)(R?))

be a solution of (8) with initial datum (¢,,V,), and V € C([0,T]; L>(R?)) be a solution of the
1
incompressible Euler equation (9) with initial datum Vl% -V such that

1S, V)l oo o, ooy ®2)y) + 1V | oo o mr2(m2)) < M.

There exists a constant C > 0independent of M, T, €, and u such that forany q,r > 2 with 14 2l =-
q r

1 1

1 0

{ o1 t B 3

—lo 2 (—-AD) 0 <ecitameT

(?-V Y AR St
a LIOT:LL(R)

¢ 1 31
Wy <ea <M+M2T4e4>C,
A L(0,T;L}(R?))

3 1

1 1 3
VLVT V-V geZ(M+M2TZeZ>MTZeCMTC,

L®(0,T;L2(R2))

—(x—x0)? {
A

Remark 4. The last two estimates provide the convergence in Ltz(O, T;LZZOC(IRZ)). We then get
the convergence of the local energy to the local energy of the corresponding solution of the
incompressible Euler equation. If furthermore V € C([0, T]; H®(R?)), then the convergence is in
L}(0,T;H; (R?))foranys € [0,6).

loc

1
<ex(M + M?T)C.
L(0,T;L2(R2))

sup
xgER?2

3.1 | Local existence

In this section, we provide a local well-posedness result of (8) on an existence time independent
of e, u € (0,1]. Let k € N with k > 3. We introduce the functional space

XER?) 1= {(€,V) € HEXHO®R), IVl = Illie + IVl + y/BIV - Vlge < oo .
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Proposition 2. Letk € N,k > 3.Lethy > 0,A > 0,¢ € (0, 1], and p € (0,1]. Let ({, V) € X5(R?)
with 1+ €y > hy and ||($o, Vo)llxx < A. There exists a time T > 0 that only depends on A and hy
"

and a unique solution ({,V) € C([0,T]; X ’;(IRZ)) of (8) with initial datum ({,, V). Furthermore,
there exists a constant M > 0 depending only on A and h such that

”(g’ V)“L‘”(O,T;Xﬁ) <M.

The proof is similar to the proofs of Ref. [21, Proposition 6.7] or Ref. [25, Proposition 2.7]. Again
the key point is that System (8) under the assumption that (1 +€¢) > h—zo has a symmetrizer and

corresponding energies that allow to control the X fj (R?) norm.

3.2 | Dispersive estimates

From the properties (4) together with the fact |g””’(r)| < r~>, and thanks to Appendix C one can
prove several dispersive estimates.

First, using Lemma C2” together with Lemma B, for any m € N there exists a constant C > 0
such that for any Schwartz class function f, any ¢t # 0, any u € (0,1] and any ¢ € (0, 1] we have

D]
1+%D2 vm
|D|™

.t
+i-
€

f 1L+ @D’ Fllzr-

\/_Itl

Then corresponding Strichartz estimates can be obtained from a T*T argument: forany q, v, §, 7 >

23uchthat1+1= 1,—+%= %withr,f<oo,anymeN,anyee(O,l] and any u € (0, 1]
q r 7

11
ID| ——Z

RVl <<i) 1+ D" >f“L2
\/ﬁ

(10)
.(=s) __ID| !

1
1—2—=
€ Ep2 VM T 20-1-1
[e VR Ras 5<—\/€_) 1@+ wD R g
0 M t x
LiL,

It is well known that the previous estimates do not work at the endpoints (g, r) = (2, o) or (§,7) =
(2, ). We can, however, prove a logarithmic estimate for functions whose Fourier transform is
well localized. Such types of estimates were performed for the wave equation (Ref. 26 or Ref. [27,
Theorem 8.30]) or the Schrédinger equation.?® We provide in the following a general result.

Proposition 3. Let y be a smooth compactly supported function, g a function definedon R, « € R
and m € N. Assume there exists a constant C, > 0 such that for any Schwartz class function f and

*withf=1,s =a = —4.
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anyt #0

II(1 + IDIZ) Sz

oxitg(D) Y fH

|D|™ il

Then there exists a constant C > 0 such that forany A > 0, any T > 0, any u > 0 and any € > 0 we
have

N

\/ﬁ

t
+i—=g(/u|D]) mn i
HoREVE v m(l + T”T>||<1+mD|2)4f||Lz

x4~ llDI)—

|D|™

< c<i>
LX0,T;LY) \//7

and if we define the operator H as

t (1 v)
. 1 -
H(F) ._/0 P |D|)|D|mF(s ds

we have

IHE) o o7:12) < C(— 2T)II(l + ﬂlDlz)ZF“LIZ(O,T;L}C)’

S

€

€ VH 2
”H(F)”L[Z(O’T;L;O) < C<_> ‘\ In (1 + _/12T>||(1 + “|D|2)4F||L}(O,T;L§)’

€ Vi g
”H(F)”LtZ(O,T;Lgo) < CT In (1 + TAZT ||(1 + ’ulDlz)ZF”L[Z(O,T;L}C)'

u

N——

Proof. By assumption and change of variables, we actually have for any 4 € (0,1] and any € €
(0,1]

:lﬁg(ﬁwn ym

D I|(1+MID|2) Fller. Q)

f

= \/_Itl

We only prove the case m = 0 since the methodology is the same for the other cases. We introduce
the operator

S : LX0,T,LYR") - L*(R?)

i - / ¥ == a(VHD DA+ uDPY* x (A~ IDDF(s)ds.

For any f € L*(R?)

T Lt
Fi—=g(/uID)) -2
IS*Fl2orasey S sup { / <e B ) 4)((/1‘1IDI)f,G(t,-)>2 Zdr}
0 L2XL

G2 <1

<Ifllpz sup  Jg

G <1
II ”L[Z(O’T;L)lc)_
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o )

IGGs. Iy deds
L

where

T - g(\/EDD -3
/ AV DYy DG, e

0

Then

il ”g(\/‘ D))

(1+uIDI?) 2 x> (A7 DG, -)

=Kg

and using (11)

G, I

< &
\/’It—SI

whereas from Bernstein’s Lemma B2

(t V)

Pa+ MIDI?) 2 (A7 DDG(, )

Kg S e
L3
S A x*@HDDG(, ')”L)zc S A6, oIl
so that
2 2
< / —— 6l NG, deds.
0T 1 4 A2==t = 5|

The first bound follows from Schur’s test. Then for any (a, b), (&, b) € {(2, ), (o0, 2)}, we define
the operator R; 4

Ria @ LYRILIRY) — LP(R, LY(R2))

(t 5) il
. . / g(\/_l l)(l+/,£|D|2)_ZX(/1_1|DI)F(S’ -)ds.

We note that

”Roo,Z(F)”L?O(O’T;L)ZC) = tesE(l)B"] ”S(]](O,I)F)”Lfc

so that the second bound is followed by duality and the first bound. Furthermore, we notice that
Ry + R , = S*S where

S : LNO,T,L:R™) - L*(R?)
T _. s
Fi—=g(/uIDI)
F - /e+l€\/‘7g\/ﬁ F(s)ds.
0
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The third estimate follows from the first and second estimates together with the fact that S is
bounded since S* is bounded. Finally, denoting

t (t S) a
(4/uID1) —=
Ly = / FEVEED G L D) (- DDEG, Hds
0

LX0,T5L)
and proceeding similarly as for the bound on K; we get
t 12
LS / ————|IFGs, )l ds
S

=01 +/12ﬂ|t — 5]
€ L*0,T)

¢ 12 T ot 22

S | sup / ———ds / / ————|IF(s, )II?, dsdt
telo,T] J s= 01_,_/12\/_“ =0 S=01+/12ﬁ|t—s| Lx

€

and the fourth bound follows. O

Second, we get from Lemma C3(i)/ together with Lemma BI that if y is a smooth compactly
supported that is equal to 1 near 0 and m € N

IDI 1

.t

it
€ €2

e V' X(\/_| |)|D|m S — 1A+ DSl
Lo 2

and from Lemma C2(ii) " together with Lemma B1 that

.t
it 1
€

V“ ELel —)((\/_IDI)) pS ufe—iu(l + D)2 flls.
It]>

|D|™
Ly

One can then obtain corresponding Strichartz estimates from a T*T argument: for any (g, 7) €
{(4, ), (0, 2)}, for any u € (0,1], any ¢ € (0,1] and any m € N

.t |D|
+i-
= Epz VM 2(5-3 HER
VI s a6 e,
L]
(12)
t iit? lD‘M 2 V" a-1 20-9
e VI _—Reds| s PIa+ PR
0 DI _ Ll
L]LE
1
Iwith =2, =3
withs = =3, a = —4.
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3.3 | Proofs of Theorems 2 and 3

We begin with the proof of Theorem 2. Using Duhamel’s principle

1 O 1 0
3 9 $o _ ! Y T—t
<§V -V> - g s exp(—tA(D)) <V 'Vo> = /0 2 s exp (TA(D)) F(¢(r), V())dr .
A A

Let % +1= % and y be a smooth compactly supported function that is equal to 1 near 0. By
r

Proposition 3 and interpolation, for any j € {1, 2}

1
_+_
qg 2
x| [~=IpI|1; < i1n<1+ﬁT) B;
Vi Vi ¢
LI(0,T;LL(R2))

where

1 2<1_»_1~>
B, i= (1+uID|2)2<1_7>V-(§V)‘ | AR (v vy

L120.T5LY) V1+5ID12 L

L2(0,T5LY)
1-=
r

(1-3) 2(1-7)
B, = (A +uID?) V. V) L || Q4D V-V

it Hipi2 )
\/1+5|D|2 2 1+3|D| 12(0,T:LL
L2(0,T;LY) 7(0,T;Ly)

Using Lemmas Bl and B5, we get

1
By + By S M s IV llss oy + NIVIE sl 1) S T2 M.

Furthermore, using Lemma B3

(1= x( [ IDD)1;
X W7 i

v Ll

SV

L&(0,T;L2(R2))

L&®(0,T;L2(R2))

€
= <||||§||H§||V||H;||L;(O,T) +IIVIE, ||L;(0,T)>

\/ﬁ

<T-SMm?
Vi
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whereas from Sobolev inequalities, Lemma B3 and (10) with r = 7 =

€ €
1-x ‘,ﬁlDl I; S-x ‘/ﬁlDl I;
L2(0.T:LP (R2)) L2(0,T;W* (R2))

1
STH|1= x|/ —=IPI||L

\//7 J

1,4
LHO,T;W " (R2))

()

1

STo— NS VIl &+ ||||V||25|| 4
\/ﬁ L3 (0,7 130

<T-S M2
VE

2.4
LHO,T; Wy (R2)

The first bound follows by Hoélder’s inequality. One can similarly obtain the second bound. Note

. . . v . .
that by differentiating one time we can also get a bound on || VZ -V|| L2(0.TWh(R2)) which will be

useful in the following.

1
On the other hand, since V = VLVT -V,
vt _ vt _ vi _
9, <VL V—V> + ViT (V- V)(V—V))+ViT (V=V)-V)V)=0

so that integrating by parts

1d vi . - . vi ~
M—(uvL V—V||i2(> =—/Rz((V-V)(V—V)). (ViT .V—V>

=

—/(((V—V>-V>v>-< vi¥ v v)
R2

=],

Then

N vi . Vi i . \ vt
le/Rz <(V-V)<VLX-V—V>>-<VLT-V—V>+/Rz ((V-V)Vz-v>-<w— V- V)

so that integrating by parts in the first integral and using that V - V = 0

v A
Vil SNV - Ve VI IVE == -V = V2,
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whereas
J_Vl 112 v lvl G
Vol S IVVILellVA = -V = VI, + IV 5 - Vil IV IV 5 -V = V2

which yields

d LVt . LVt . \ LVt -
a<||V T'V—V”Li <CM|V T'V—V||L)zc‘|‘M||VK'V||W)lc-<>°||V T'V_V”L,%-

1 ~
Bounds on Vl% -V =V follow from Gronwall’s inequality and previous bounds obtained on

v
”VZ . V“L?(O,T;W}C’w)'
Concerning Theorem 3, one can use the previous strategy together with (12)."" The last bound
is a consequence of Morawetz-type estimates established in Proposition 4.

4 | OTHER ABCD BOUSSINESQ SYSTEMS

In the previous two sections, we chose to present the rigid lid limit on one specific Boussinesq
system (thecasea=b=c=0andd = i). There are other abcd-Boussinesq systems

e(1 —ubA)o,{ +V -([1+€l]V)+ uaAVv -V =0,
{6(1 —udVV-)o,V + V¢ +e(V-V)V+ ucAve = 0. )
In the following, we assume that
b>0,d>0,a<0,c<0 (14)

in order to get the well-posedness of the system (see, for instance, Ref. 19).
We introduce

_ [a—apa-o» _ [a—aatdp
80) =y \/(1 Thy+ dy) RO = \/u oA — o)

As before, in the 1D case if we denote by U = (¢, V)T we have the following system:
€6;U + A(G,)U =€eF(¢,V),

where

-1
A, = 0 (1—ubd:)  (1+ padi)o,
* (1 — udd2)™! (1 + ucd?) o, 0

(1-pbd2) ™ 8,(¢V)

F¢,V)=- . .
(1-pda2) " o, (5v2)

T It is not necessary to split the low and the high frequencies in that case since we do not use Proposition 3.
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Note that
cos (ﬁg(ﬁD)) R(y/uD)sin <ﬁg(\/ﬁp)> |
R(\/lﬁD) sin <ﬁg(\/ﬁD)) cos <ﬁg(\/ﬁp)>

In the two-dimensional (2D) case if we denote by U = (¢, V - V)T, we get the following system:

exp(tA(S,)) =

€8,U + A(D)U = ¢F(¢,V),

where
< 0 (1 —ubA) (1 + ,uaA))
A(D) =
(1 — pdA)1(A + pueA)A 0
(1 — ubA)™'V - (¢V)
e[, 0 )
(1 —udA) V- (V- V)V)

Note that

t ( ) . t
cos <ﬁg(\//7IDI)> Rxl/—% sin (ﬁg(\/ﬁlDl)> |
D . t t
zop SR (ﬁg(\/ﬁlDl)> cos <ﬁg(\/ﬁ|D|)>

The strategy presented in the previous two sections together with ad hoc dispersive estimates
provides similar results for System (13), with a rate of convergence depending on how dispersive
System (13) is. The existence of solutions of (13) on an existence time independent of € uniformly
with respect to u € (0, 1] can easily be adapted from Refs. 29 and 30.

The phase g satisfies the following properties that are carefully studied in Refs. [31, Section 3.5].
First,ifa+b+c+d #0

exp(tA(D)) =

_3(a+b+c+d)

g-1~ 5 r2, g"(r) ~ =3(@+b+c+dr
re re~

whereasifa+b+c+d=0

B 5(a+b)(b +c¢)

g -1~ > r,g"(r) ~ ~10(a+b)b +oyr’.

Second, there exists « € [-6,1] N Z, £, A;, A, € R such that
gr)—€ ~Tr L g"(r) ~ (a + DIy r%, g (r) < Tpré =L
o0 [s]

The exact value of a and ¢ (that depends on a, b, ¢, d) can be found in Refs. [31, Table 1]. Finally,
one can prove that |g’| + |g”| + |g”"'| > 0 on R* (see Ref. [31, Lemma 3.4]).
‘We can now state our results. We begin with the case n = 1inthecasea + b +c +d # 0.

Theorem 4. Let n=1. Let a,b,c,d satisfying (14) and a+b+c+d#0. Let M >0, T > 0,
€ €(0,1] and u € (0,1]. Let (¢,V) € C([0,T]; (H? x H*)(R)) a solution of (13) with initial datum
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(¢, Vo) such that

1 Wl o 0.3 R)xE3@®R)) < M.

There exists p € N with p > 3 and a constant C > 0 depending only on p and a, b, c, d such that for
any q,r > 2 with é + ﬁ L

C _otae (o
14 Vo)l 4
LIO.TLL®)

1 1
1 - 1
<€> < <5>q M + M2T <5>2p c.
LIO.T;LE(R)) H #

- . 11
Furthermore if |g"’| > 0 on R%, for any g, 7 > 2 with p +-=

()= ()

Finally, denoting p, = 1if |g'| > 0onR™, p, = 2if |g’| + |g”| > 0on RT and p, = 3 otherwise, we

have
~—x? [ §
o ()

If we denote by m the maximum among the multiplicities of positive zeros of g” then one
can take p = max(m + 2, 3). The proof of the previous theorem follows from dispersive estimates
based on Lemma C1** and the properties of g. We only provide a proof of the last point. Let y; be a
smooth bounded function supported on {|g’| > 0} and ), a smooth compactly supported function
supported on {|g”| + |g""’| > 0} with 0 & supp(y,). On the one hand, we get from Proposition 4
that

1 1

»ty 2p-1
< <E>ZP ‘M C
u

1
4

€ i+$ 3
< <—> M?>T:cC.
u

LIO.TLL(R))

1
< e (M + M?T)C.
L (0,T;L2(R))

sup
XpER

1
<e2(M + M?T)C.
LX0,T;L2(R))

sup
Xo€R

e D ()

On the other hand, using Lemma C1(ii)’" together with Bernstein’s Lemma B2, we have

1 po—1
S —lIDI 70 xa(y/uIDI)S Il

L2 |¢|ro

X2(\/HIDD)f

it
HeiTﬁg(‘/mD')

 with B=1,5=0,l=pandf =1,s = -,1 = 2 for the third estimate.

1
2
S with I = py,a =0.
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so that from corresponding Strichartz estimates, we obtain

o/ ()

N w0t 1
< €20 <M+M2T 2P0 €2p0>C.

2
L7700, TiLY (R))

The third point of the theorem follows from the fact that |g’| + |g”’| + |g”"'| > 0 on R* and that
there exists 0 < y, < y; such that g’ > 0 on [0, yo] U [y;, 00).

Remark 5. As noted in Remark 2 concerning Theorem 1, in the case € ~ u as in Refs. 19 and 20
or when u = O(e), the first estimate of Theorem 4 does not provide a convergence result ase — 0
so that nonlinear terms must be taken into account and that asymptotic models like a system of
decoupling KdV equations

a+b+c+d

eatg-_l— * axgi- + 6

3
aJchi + Eegiaxgi =0

becomes relevant. A proof of such a result can be adapted from, for instance, Ref. [21, Section 7.3.2]
together with the symmetrizers and energy estimates from Refs. 29 and 30.

We now consider the case n = 1 in the case a + b + ¢ + d = 0. We introduce the condition
((a+b)a+d)(c+b)c+d) > +(a+b+c+d)?>0, (15)

which avoids the situation where g(r) = r provides a nondispersive system when n = 1.
Theorem 5. Let n =1. Let a,b,c,d satisfying (14) with a+b+c+d=0. Let M >0, T > 0,
€ €(0,1] and u € (0,1]. Let (¢,V) € C([0,T]; (H? x H*)(R)) a solution of (13) with initial datum
(¢, Vo) such that

1, WlLeo 0,713 ®)xEB3@®)) < M.

Ifa, b, c,d satisfy (15), there exists p € N with p > 5 and a constant C > 0 depending only on p and
a,b,c,d such that for any q,r > 2w1th + ===

pr 2p
(s’) P ICR) <§o> <
- 2
4 Vo dorp®) M

1 1
1 ot X
§ < (£ m+mr> (£)7 e
LI(0.TiLL(R))

Furthermore, if somel € {2, 3, 4}, we have ZLZZ |g(k)| > 00on R’} andifwedenoteby o = min(%, %),

2p1

e \» 'a
—) M?2T 2 C,

foranyq,fZZWith%+%=%

(- (%)

- - 2
LI(0.TiLE(R)) <“
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Finally denoting py = 1if|g’'| > 0onR*, po = 2if |g’| + |g"| > 00on R* and p, = 3 otherwise, we

have
~e=x [
()

If we denote by m the maximum among the multiplicities of positive zeros of g’ then one can
take p = max(m + 2, 5). Again, one can obtain dispersive estimates thanks to Lemma C171% and
the previous properties on the phase g. Note that the ratio % comes from low-frequency estimates:

1
< e (M + M?T)C.
L¥(0,T;LE(R))

sup
xo€ER

)%
if y is a smooth compactly supported function whose support is small enough and that is equal
tolnearOandifa+b+c+d=0

2

it =
+—=g(y/uID) 1 € \5
e v x(\/uIDa, f S—2<—2> 1A Nz
© S \M
L |t|5
. 1
+——g(/uIDI) 1 €\’
SR x(\/uIDDf s—1<—2> Iz
Lo HE s

Remark 6. When € ~ u as in Refs. 19 and 20 or when u = O(e), the first estimate of Theo-
rem 4 does not provide a convergence result as € — 0. Again, nonlinear terms must be taken
into account. Note, however, that here one must consider a system of decoupling Burgers
equations

3
€0,8+ 08 * EEgiaxgi =0.

A proof of such a result can be adapted from, for instance, Ref. [21, Section 7.3.2] together with
the symmetrizers and energy estimates from Refs. 29 and 30.

‘We now consider the case n = 2witha+b+c+d #0.
Theorem 6. Let n = 2. Let a,b,c,d satisfying (14) witha+b+c+d#0.LetM >0, T >0,¢ €

(0,1], and u € (0,1]. Let (¢, V) € C([0,T]; (H® x H®)(R?)) be a solution of (13) with initial datum
(o, Vo), and let V € C([0,T]; L>(R?)) be a solution of the incompressible Euler equation (9) with

1
initial datum Vl% -V, such that

1, V)l oo o, sy ®2y) + 1V | oo o m12(m2)) < M.

-Ifg’ and g'" do not vanish on R, ({, V) satisfy the same estimates as in Theorem 2.

with = 3,5 =0,l = pand § = 3,5 = 50 — 1 for the third estimate.
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. ; . 1
If g’ does not vanish on R* but g'’ vanishes on R’;, there exists ¢ € (5, 1) and a constant C > 0

g

depending only on a, b, ¢, d such that for any q,r > 2 with é + % =3

¢ 1 0 %J,é
61 g € 2__0
_10 = _ 0 - 2
vV exp( A(D)) < > < ( ) M3*T2 C,
<T 'V> 0 & V- Vo Vi
A L] (0,T;LL(R2))

1 o
q 2—0 2
g<i> M+M2TT<L> c,
L1(0.T;LL(R2)) VK VK

()

1
VLVT-V—V

E 2—0 5 2—0
< <i> M+M2T7(i> MT 7 eCMTC,
L®(0,T;L2(R2)) \/ﬁ \/ﬁ

Furthermore, let p = 2 if |g’| + |g”| > 0 on R and p = 3 otherwise, there exists a constant C > 0
depending only on a, b, ¢, d such that for any 4,7 > 2 with l + i =1
q  pr

2p
;’ 1 O 1 1 2p—1
9 t ¢ £
_lo = (——AD) 0 < ew aMET
(E-V> a exp (== (D) V.V, <e C,
A 0o =2 _
A LI(0,T;LE(R2))
¢ 1 p-1 1
Wy <ed <M+M2T 2p 62P>C,
A Ll (0.T;L(R?))
vi 1 -l 1 2p-1
viT V-V < (M+M2T 2p 62P>MT 2 eCMTC,
L®(0,T;L2(R2))

Finally denoting py = 1if|g’'| > 0onR*, po = 2if |g’| + |g"| > 0on R* and p, = 3 otherwise, we
have

1
sup |le=(x—x0)’ (v Vg V> < e (M + M2T)C.
XoER? A L2(0,T;L2(R2))

If we denote by m the maximum among the multiplicities of positive zeros of g’ then one
can take o = 2m—+ Again, the key points are dispersive estimates that can be obtained from

Lemmas C2,"" C3, and 4.
Finally, a similar result can be obtained in the case n = 2witha+b +c+d = 0.

Theorem 7. Let n = 2. Let a, b, ¢, d satisfying (14) witha+b+c+d=0.Let M >0, T >0,¢ €
(0,1], and u € (0,1]. Let (¢, V) € C([0,T]; (H® x H®)(R?)) be a solution of (13) with initial datum

#withf=1s=aif¢ =0andf=1,s = aT_liff;éO.
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(o, Vo), and let V € C([0,T]; L>(R?)) be a solution of the incompressible Euler equation (9) with

1
initial datum Vl% -V, such that

1S, V)l Lo :moxcme) w2y + IV |0, r:12(r2)) < M.

If a, b, c,d satisfies (15) and g’ > 0 on R, there exists ¢ € (%, i;] and C > 0 depending only on

a,b,c,d, such that for any q,r > 2 with ! +2= %
q r

¢ 1 0 2ty
1 t € 2=
_fo & <__AD> 0 <|=| mr=cC
(ﬂ-v> a [&P (AP vy, == tE
A 0o =2 Iz
A LI(0.T;LL(R2))
1 g
7 B
¢ € ! 29| ¢
(ﬂ_v || |M+MT | | |G
A Lorm) 44 pe
vt . e |’ zof ¢ | <
Vi V-V <|=| [M+MPTZ | = | MTZ M.
LPOTLE(RY) |\ p4 us

Furthermore, let p = 2if |g'| + |g"'| > 0 on RT and p = 3; otherwise, there exists a constant C > 0

depending only on a, b, ¢, d such that for any G, 7 > 2 with l + i = 2i
g pr P

1 0
¢ 3 t ¢ 1,1 2p-1
_|0 = _ 0 2 G M2T 2
LAY exp( A(D))( > <e2r aM-T 2 C,
(T -V 0 é € V- VO )
A L} (0,T;LE(R2)
1 2p-1 1
¢ 1 11
Wy <ei|M+M?T » ¢ |C,
A LI0,T;L(R?))
VAl B X -1 1 2p-1
ViT V-V <e? <M+M2T 2p eZP)MT 2 eCMT
L (0,T;L2(R2))

Finally, denoting py = 1if |g’| > 0onR*, po = 2if|g’| + |g”| > 0on R* and p, = 3 otherwise, we
have

1
sup |le=(x—x0)’ <vvg V> < e (M + M?T)C.
LZ(0,T;L2(R2))
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If we denote by m the maximum among the multiplicities of positive zeros of g’ then one can

take o = min(%, g). Again the key points are dispersive estimates that can be obtained from
m

Lemmas C2,Il C3, and 4.

5 | THE GREEN-NAGHDI EQUATIONS

The Green—-Naghdi equations read as

{65[§+V-([1+€§]V)=0, )
s 16
e(1+ uT[e€]);V+ V¢ +e(V-V)V +euglel](V)=0
where
1
Q[eCIV) = —mv[(l + PV VIV - V)= (V- V).

As before, in the 1D case if we denote by U = (¢, V)T we have the following system:
€6;U + A(B,)U =€eF(¢,V),

where

6x(§V)

FGV)=- (1- gazc)_l (6. (372) + wQIe1) + T e¢10,V + 220,V ) |

whereas in the 2D case if we denote by U = (£, V - V)T, we get
€6, U+ A(D)U =¢F(¢,V),

where

0 1

AD) = (1—§A)_1A 0

V-(§V)

Ty ((v VIV + uQ[eC (V) + uT[e£16,V + %A@V) '

)

HHwithﬁ:3,s:aiff:Oand5:3,s:“T’liff;eo.
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We refer to Refs. 23 and 32 (see also Refs. 33 and 34) for the existence of solutions of (16) on an
existence time independent of € that is uniform with respect to 4 € (0, 1].
‘We consider now the case n = 1.

Theorem 8. Let M >0, T >0, hy >0, € €(0,1], and u € (0,1]. Let (¢, V) € C([0,T]; (H> x
H>)(R)) a solution of (16) with initial datum (¢,, V) such that

IS, Wl o,r;m5m)xeswyy < M and 1+ €§ > hy on [0,T].

=

There exists a constant Cy > 0 polynomial in M and 1/ h such that for any q,r > 2 with S zl =
q r

~+
t 6 5
() ()]0, () e
o/ Nsorirmy \H

1 1
1 X !
<§> < <£>q 1+T€<5> Cyq,
LIO.T;LE(R)) K K

—x?
sup |le <V>

XOER
The proof follows from the same strategy as the proof of Theorem 1 together with (6) and (7).
One must control two new terms. Standard product estimates provide

1
<e2(1+ T)C,.
L¥(0,T;LE(R))

sk

1
LIV C(h_o’ ugnm) WvIE,
Ko 1
Jertecia + Satav| | s e (e Jiewd.ov i
w? 0

and using, for instance, ideas from the proofs of Ref. [23, Lemmas 1 and 2] and standard product
estimates, we obtain

1
lleud 0 Vilms 5 €C<h—0, II§IIH3> [V$ +e(V - VIV + Qe 1(V)|

1
3 C<h_’ s, ”V”H5>-
0

Remark 7. Asnoted in Remark 2 concerning Theorem 1, in the case u = O(¢) the first estimate of
Theorem 8 does not provide a convergence result as € — 0 so that nonlinear terms must be taken
into account and asymptotic models like a system of decoupling KdV equations or decoupling
BBM equations become relevant. We refer to Ref. [21, Chapter 7].

" Note that the source term F is not a derivative here so that one can not use (5).
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We now consider the case n = 2. Applying the operator V+- to the second equation of (16) and
denoting by w := V+ - V, we get the following equation:

1
MY [+ (T BV (VXY V)= (V- VP)] =0,

6[w+(V-V)w+(V-V)w+m

Theorem 9. Let M >0, T >0, hy>0, ¢ € (0,1], and u € (0,1]. Let (¢, V) € C([0,T]; (H® x
H?)(R?)) be a solution of (16) with initial datum (¢,,V,) and V € C([0, T]; L(R?)) be a solution

L
of the incompressible Euler equation (9) with initial datum V+ % -V such that

16, Wl Leoo m:moxcmoy®2)) + IV | eoo,1:12(r2)) < M and 1+ € > hy on [0,T].

There exists a constant Cy > 0 polynomial in M and 1/h, and a universal constant C > 0 such that

. 11
foranyq,rZZWlthl+— = -
q r

2
1 0 11
¢ N t € u 204 1
P ieon )l (e
<ﬂ-v exp( €A(D)) <V.VO> Iuln 1+ 51 T3C,
A 0o =2
A LI(0,T;L},(R2))
+—_TCy,
VH
vy < —1n<1+—T) 1+ —1n<1+—T>T Cy
Wov c2 c2
| ( A L] (0,T;LL(R?)) \/'a ﬁ
€
+ S a+1)0cy,
N
1 1
1 2
VLVT-V—V g<iln<1+ﬁ2T)> 1+<iln<1+ﬁ2T)T) VTetMIC,
L®(0,T;L2(R2)) \/ﬁ € M €

€
+ —(1+ T)VTeMTC,,
\/,l_l d

and there exists a constant C;4 > 0 polynomial in M and 1/h, and a universal constant C > 0 such
~ .1 1 1
that for any 4,7 > 2 with - + ==7
q r

4
¢ 1 0 o
9 t ¢ S+s 3
—lo & (—-AD) 0 <eitaT
(5 ) Hpactaon ()] s
A 0o =2 -
A L10.TiLE(R2))
¢ 1 IS
H~V <e€iq 1+e4T4>Cd,
A Ll (0.1;LL(R?))
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s ~ 1 L3\ 3o
VlT-V—V §€4<1+64T4>T4eCMTCd,
L (0,T;LE(R2))
2 ¢ 1 -

sup [le=(*x—*o) v <e2(1+T)Cy.
XoER2 V-V

0 A L2(0,T;L2(R2))

The proof follows from the same strategy as the proofs of Theorems 2 and 3. One must control
two new terms. Standard product estimates provide

JQLe IV 0 c(hio n;an) VI,

€ 1
—ﬁ((l +€e)*—1)VV -4,V — —'u(l +e$)*VeV -5,V SC{ = I¢Ngs ) leudV - Vs
3 3 W hg
and using, for instance, Ref. [32, Lemmas 2.1 and 2.4] and standard product estimates, we obtain

leud,V - Vilgs 5 C<hl0 II§IIH6> [V +e(V - VIV + euQleS (V)| 5

1
< C(,q—, 1< 1 e, ||V||H8>-
0

We note the strategy used in the proof of Theorems 2 and 3 also provides bounds on || V{|| L20TLE)
Second, a new term also appears in the control of the rotational component. We note that

1 1
Vl% - (MT €410,V + puQleC1(V)) = —e/xvl% (h[V- 8,V +(V-V)(V- V)= (V- V)] V()

and using previous bounds we get

1
VAL T [18,V + Ol (V)

1
< C<h_’ 1< ez, ”V”H3> IVEIlLe
12 0

so that the strategy used in the proof of Theorems 2 and 3 to control the vorticity component can
easily be adapted.
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APPENDIX A: LITTLEWOOD-PALEY DECOMPOSITION
In this section, we introduce homogeneous and inhomogeneous Littlewood-Paley decomposi-
tions and provide basic properties. Let ¢y be a smooth nonnegative even function supported in

[—1,1], that is equal to 1 in [—%, %] and that is nonincreasing on R*. Then we define, for any

y € Rand any j € Z the func;ion P i) = ©0(27771y) — py(27/y). We note that P j is a function
supported in the annulus C(2/~1,2/*1) for any j € Z.
Foranyy € R

Pi(y) € [0,1], po(y) + Z P;(y)=1, % < @) + Z P]2~(J’) <L
JEN JeN

Then for any p € [1, o] and any Schwartz class function f
N
LP
#o(IDDSf + JZ(,)P,»(IDI)f o

since
11— 00N D)l N O

Such decomposition of the function f is called inhomogeneous Littlewood-Paley decomposition.
For any y € R*,

Py e, Y P0) =155 Y PO <L,
JjeZ Jjez
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Then for any p € (1, oo] and any Schwartz class function f, we have

> PDDS > f

ljilsN

since
lpo@N DS Ie Vo, 0and 11— o N D) flle — 0.
—00 N—oo
Such decomposition of the function f is called homogeneous Littlewood-Paley decomposition.

APPENDIX B: FOURIER MULTIPLIERS ON LEBESGUE SPACES

In this section, we gather useful estimates concerning Fourier multipliers on L?. The first lemma
is about Bessel’s potential.

Lemma B1. Let n =1 or 2. For any a > 0, there exists a constant C > 0 such that for any a > 0,
any p € [1,00] and any f € LP(R")

< Cllfllpwnys

H(l +alD) 2 f
LP(RM)

az|D|%(1+alD|?) 2 f

< Cllfllpwny-
LP(R?)

Furthermore, forany o > 0 and any b > 0, there exists a constant C > 0 such that for any a > 0, any
p €[1,o]andany f € LP(R")

H(l FhaDP A +aD® 2 f| < Clfllnn.

LP(R")

Finally, for any p € (1, o), there exists a constant C > 0 such that for any f € WHP(R")

NDIfllie < CUV fllze-

Proof. By homogeneity, one can assume a = 1. As noted in Ref. [35, V.3.1], F~1((1 + 472 1€12) 2)
is in L'(R") so that the first bound follows Young’s convolution inequality. The second bound is
proved in Ref. [35, V.3.2].

Concerning the third point, we note from Ref. [35, V.3.2] that there exist two finite measures v
and p on R” such that

(1+balDI?)2(1+alDI?) 2f =v* (1+alD|*) 2f +u (ba)2|D|*(1 +alD|*) > f

so that the result follows from the first point.

Finally, since |D| = — Z?:l l%"lai, the last point follows from the fact that the Riesz transforms
are bounded on L? for p € (1, o). O

‘We then recall Bernstein’s lemma.

LemmaB2. Letn € N* and b > a > 0. Let ¢ a smooth function supported in [a, b] and y a smooth
function compactly supported. Then, forany s € R and any k € N, there exists a constant C > 0 such
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that for any A > 0, any p,q € [1, 0] with q > p and any f € LP(R")

) krd(2-1y _
”Vk)((/1 IIDI)fHL‘I(Rn) <ca Y| xa DDA o gny

1 _ _ -
S [8ADDS ey < NIDFSATIDDS [l oggny < CASATIDDS o gy
Then, we provide a high-frequency result.
Lemma B3. Let § > 0, n € N*. Let y be a smooth compactly supported function that is equal to 1

near 0. There exists a constant C > 0 such that for any p € [1, o0], any Schwartz class function f,
andany A >0

1—x“|D])
(AID)?

< o L=x@pD

B
LP(R™) 1+ 22|D|?)>

f f

LP(R")

Proof. By homogeneity, one can assume A = 1. Using Ref. [35, V.3.2], there exist two finite
measures v and u on R” such that

B
2y3 1 — _ _
1+ |D| )6 1 |g|(LDDf:V* 1 |1))(TKLDI) 1 fu 1 x(IDlif.
(1 + |DJ?)2 1+ |DJ?)2 1+ |DJ?)2
Then, we get
. 1—)((IDI)f < 1—)((IDI)f

g g
A+1D1)> I, 1A+ D22 |,

Furthermore, using a Littlewood-Paley decomposition as in Section A together with Bernstein’s
Lemma B2, there exists an integer k, € Z such that for any Schwartz class function g

1—x(ID]) ZI—X(IDI) 1—x(DI) . _;
— A — TP phg| < Y |4 P27/ |D])g
J
|D|5 LP jZko |D|5 P jZk() |D|ﬁ LP
S Z 27PIIPo(IDD = x(IDD)gl S 1A = x(IDD)gll e
J=ko
so that
By \C-) IS S (S b () B W Y EE 72/
|D|A 8 ~ |D|A B ~ B
A+ 1D1A)z |.p A+[D»z |, [A+DAHz |,

In the following, we provide a boundedness result in L'whenn =1.
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Lemma B4. Let s € [0,1). There exists a constant Cy > 0 such that for any f € WHLH(R)

HDEflliwy < Csllfllwiaw)
and there exists a constant C > 0 such that for any f € W>'(R)

Proof. Using an inhomogeneous Littlewood-Paley decomposition as in Section A, we have

-1
DI fll 1) < N@o(DDIDE fll 1y + JZN [sen@yDI= P ADDOf] -

Using Lemma BI, Young’s convolution inequality and since & — ¢ (|£)(1 + |€ 12)2 is a smooth
compactly supported function

leoIDDIDI flly1 ) S ||@o(IDD( + IDI2)? f

S s
LY(R)

Then we note that for any a € R, the map & +— sgn(&)|€|*Py(|€|) is a smooth compactly supported
function so that

= 24j

|7~ (sen()1€1°P,(1€1)

L = 29| P g 181 P(ED)| | S 2.

Therefore, it follows from Young’s convolution inequality

D fllp gy S I gy + 2 26105 f 1 gy,
jeN
and the first point follows. The second point follows the same way. [l
A similar result can be obtained when n = 2.

Lemma B5. Let s € [0, 2]. There exists a constant C > 0 such that for any f € W>(R?)

DI Fll 1 g2y < CIS oo,

APPENDIX C: DISPERSIVE ESTIMATES

In this section, we gather different dispersive estimates that are useful through this work. These
are obtained from Ref. 31. We begin with the case n = 1.

LemmaCl. Letn=1LetA>0,a € Rwitha ¢ {-2,—1}, 8 >0, and l € Nwith | > 2. Assume
that g is an odd C? function. Let y; > y, > 0. Let y be a smooth even compactly supported function
whose support is a subset of [y, o] and that is equal to 1 on [—%yo, éyo].

(i) Let s €0, g]. Assume that |g"| > AyF on [0,y,] and, if s = g, that |g’ — g(0)| > AyP*1 on
[0, yo]. There exists C > 0 such that forany u > 0, anyt € R*, anym € {0, 1}, and any Schwartz
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class function f

P T

LY |t| 248

Heiﬁg(ﬁmm/ﬁb)(sgna)))m|D|Sf

(ii) Assume that g is C(R). Assume that Z g(P)l > Aon [ Yo, 2y1 ), that |g"| > Ay on [y,, )

and, ifl = 2, that zy““ > g’ —al > /1y"‘+1 on [y, oo)forsomea € R. There exists C > 0 such
that for any 4 > 0, any t € R* and any Schwartz class function f

(1 = x(\/uD)f

< —Iu 20
LY |t|1

Lt
Helﬁg(\@)

vy T a - xva D))fH

Proof. We introduce a homogeneous Littlewood-Paley decomposition asin Section A. There exists
ko € Z such that using Young’s convolution inequality and Bernstein’s Lemma B2

| .

NESVER, (D) (sgn(D))" DI

Ly

= || > &V, (D)) DI A (/EIDDS

k<ko

Ly

A

z r-1(s«—ngwmpk(m)(sgn(D»mlDIS

k<ko

> Lx(\/uIDDf Nl

Ly

The first inequality follows from Ref. [31, Lemma 2.6].
Second, if f is compactly supported there exists k,, k; € Z such that using Young’s convolution
inequality

>V (VED) - 2(yED S

ky>k>k

Heiﬁm’”(l — X(VED)f

L I
.t
_1( 17z8(/kD) -
st D 7 1(e VE Pk<\/ﬁD>|D|S) D175 = x(\/uD)f iz
ky>k>ky Lo
with s = l_zl_a .[31, Lemmas 2.6 and 2.9] and by density
of F~1(CE(R)). O

Then, we consider the case n = 2.

Lemma C2. Letn=2LetA>0,meN, 8>1, and a € R with a & {—2,—1}. Assume that g is
C3(R). Let y, > 0. Let y be a smooth even compactly supported function whose support is a subset of
[—Yo,Yo] and that is equal to 1 on [0, %yo].
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(i) Assume that |g"| > AyP, |2’ — g’ (0)] > AyP*1, and |g’| > A on [0, y,]. There exists C > 0 such
that for any > 0, any t € R*, and any Schwartz class function f

54+

H Ca (\/—IDI)<|D|>mf s%(%)mmﬂﬂf

(ii) Lets € R such that (s + 2)(s — a) < 0 or s = a. Assume that |g'| > Ay**! and |g""| > Ay% on
[y?o,oo)and, ifs = a, that|g'| < %y““, g < %y"‘, and |g"| < %y“‘l on[y?“,oo). There exists
C > 0 such that for any u > 0, any t € R*, and any Schwartz class function f

S‘+2

Hei#gwm 1= 4 \/_IDl)) |D| fH (ﬁ;) |VriDD=@ = x(yuIpD)f ||

(iii) Assumethata < —1. Lets € R such that (s +2)(s — C‘—_1) <0ors= “—_1 .Assumethat|g'| > 4

and |g"| > Ay~ on[ ,00) and, if s = T that y"‘+1 >|g’ —al> /1y°‘+1 on[ , ) for some
a € R*. There existsC > Osuch that forany p > 0 anyt € R*, and any Schwartzclass function

f

2(s+2)

”eiﬁm' D(l—)c(\/_IDI))<IDI> f S%(IT\/IE> |[VEPD ~x(VEIDDS
L

Proof. We begin with the case m = 0. Point (i) follows directly from Ref. [31, Lemma 2.12]. Con-
cerning points (ii) and (iii), by introducing a Littlewood-Paley decomposition as in Section A and
proceeding as the previous lemma for high frequencies, Points (ii) and (iii) follow, respectively,
from Lemma Ref. [31, Lemma 2.15] and Ref. [31, Lemma 2.17].

We now consider the case m > 1. We claim that one can easily adapt the estimates in
Ref. [31, Section 2.4] to our setting. Indeed, in our case, one must estimate integrals under

\fg (Vi) J(r|xDx(y/ur)rdr or f ﬁg(\/_r)f(r|x|)P(g)rS+1dr, where J(7) =

/0271 el7sn(®)y(8)d6 and u is a smooth periodic function (u =1 in Ref. [31, Section 2.4]). Simi-

the form /[, e

larly as J(7) : = /Ozﬂ el"sn®)dg, one can decompose J as J() = h_(1)e'” + i, (t)e™I" where, for

1
any p € N, |Fz(ip)(7:)| < (1+|7]) P72, Then, one can adapt all the results of Ref. [31, Section 2.4]
replacing J,, by J so that the strategy used to prove the case m = 0 also works. O

Lemma C3. Letn = 2. Let 1 > 0, m € N. Assume that g is C*(R). Let y; > y, > 0. Let y be a smooth
even compactly supported function whose support is a subset of [—Y,, Y] and that is equal to 1 on
[0, % Yol, ¢ a smooth function supported in [%, 2] and jy a smooth compactly supported function whose

support is a subset of [y, y1]

(i) Assumethat|g’'| > A and g’ has a finite number of zeros on (0, y, . There exists C > 0 such that
forany u>0,anyt € R* anyl € N, withl > 2, any k € Z and any Schwartz class function f

() e

LY |t]

Heivﬁg(ﬁ")')x(\/ml)|>¢(z—k\/ﬁ|D|>(%) f

L
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In particular, for any n > 0, there exists C;) > 0 such that for any u > 0, any t € R*, anyl € N
with | > 2, and any Schwartz class function f
2)

t m

i g(\/EID])

Heﬁ xioD () 1) s (o
LY |t|7

(ii) Assume that g is C'(R), that Z;zl |gP| > A and g" has a finite number of zeros on [y, y1 -

There exists C > 0 such that foranyt € R* and any u > 0

H o ) 4

Proof. The first inequality is an easy adaptation of Ref. [31, Lemma 2.21(1)]. The second bound
is a consequence of the first bound together with the use of a Littlewood-Paley decomposition,
Bernstein’s Lemma B2 and the fact that

(5 2 (5 -2 (5) -
— ) 51 — < — Sy L
2k<\Ju \/"_‘ ’ V2K <2y, \/"_‘ <2k \/f—‘ ’

The third inequality easily follows from Ref. [31, Lemma 2.21(2)]. O

-1y
i H|D| d

1

;HIDI Tf

Ly

Finally, we provide Morawetz-type estimates.

Proposition 4. Letn € N* and T > 0. Assume that g is C 1([R"jr). There exists C > 0 independent of
T such that for any function f € L*(RM), any function F in L*°(0, T; L*(R™)), any u>0anye >0,
any a > 0, and any x, € R"

L

& (YEDD e vV [

_—|x xo|? dxdt < e\/_llflle,
and

2
e P gydr < er2 S yiF)2

\/— L2(0,T5.2)"

Proof. After an appropriate change of variable in time, we get from Ref. [31, Proposition 2.28]

L.

Then denoting by I the second quantity to bound and using Jensen’s inequality and the previous
estimate we obtain

T
0

t 1 (t S)
/ g (VapDle V= VP p(s, s
Rn 0

2
1 i——g(y/uID]) 82 c
(Ig'(\/uIDD)|ze V& v f)(x)‘ e 2! dxdtse\Tllflliz
a

1 (t V)

|2
P ps, e 3ol ds < er?-S_ |12

L2(0,151.2)"
L3(s,T5L2) \/_

O

T||(Ig'(\/uIDDI e
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